The purpose of this paper is to study the dynamics of a quantum coherent feedback network composed of two two-level systems (qubits) driven by two counter-propagating photons, one in each input channel. The coherent feedback network enhances the nonlinear photon-photon interaction inside the feedback loop. By means of quantum stochastic calculus and the input-output framework, the analytic form of the steady-state output two-photon state is derived. Based on the analytic form, the applications on the Hong-Ou-Mandel (HOM) interferometer and marginally stable single-photon devices using this coherent feedback structure have been demonstrated.
I. INTRODUCTION
The last few decades have witnessed rapid advances in experimental demonstration and theoretical investigation of quantum control systems due to their promising applications in a wide range of areas such as quantum communication, quantum computing, and quantum metrology [1] , [18] , [3] , [24] , [42] , [8] , [40] , [2] , [46] , [29] . From a signals and systems point of view, quantum linear systems, prepared in Gaussian states and driven by Gaussian input states, have been well studied; results like quantum filtering and measurementbased feedback control have been well established [18] , [30] , [42] , [29] . In addition to Gaussian states there are other types of non-classical states, for example single-and multiphoton states. Roughly speaking, a light field is in anphoton state if there is a definite number of photons in this field. A continuous-mode -photon state is characterized by the frequency (or equivalently, temporal) profiles of these photons. Interaction between photons and quantum finite-level systems has received considerable attention recently, as the precise control of the interactions between photons and matter is fundamentally important for quantum information processing [19] , [20] , [25] , [34] . Two-photon interaction induced by finite-level systems is of particular interest since it introduces nonlinearity to the steady-state response.
Photons do not interact in free space. Physically, the interaction can be mediated by quantum finite-level systems (quantum emitters). A simple example is the interaction of two photons This paper was not presented at any IFAC meeting. This research is supported in part by Hong Kong Research Grant council (RGC) grants (No. 15206915, No. 15208418) Institute of Cyber-Systems and Control, Zhejiang University, Hangzhou, 310027, China One-dimensional waveguide with two integrated qubits Fig. 1 . Travelling photons are confined to a one-dimensional waveguide, which means they can only travel in two opposite directions. Due to the coupling between the photon and each qubit at the interaction location, the photon will either keep the original travelling direction or be reflected with probabilities that sum to 1, leading to a coherent feedback mechanism. by coupling to a qubit. In [36] , [10] , two-photon transport properties have been studied by considering a one-dimensional waveguide coupled to a qubit. Intuitively, the response of the systems can be engineered by exploiting various configurations of quantum emitters. A scattering matrix analysis has shown that any localized quantum emitter inevitably induces frequency mixing and entanglement between two photons [43] . By increasing the number of emitters, stronger photon-photon correlation can be obtained, which often provides more control options for generating entangled quantum states, engineering transmission properties, and synthesizing quantum gates [35] , [21] , [4] , [5] , [22] , [9] . The reason for the stronger correlation with multi-qubit setting is that photons could interact multiple times at the emitters, or interact at several different sites [4] , [5] . In particular, persistent oscillations of quantum correlations [48] have been observed if photons are allowed to bounce back after interacting with a qubit. Inspired by [48] , [23] , we investigate the steady-state response of a two-qubit system driven by two continuous-mode photons; Fig. 1 . We model the system such that photons can be fed back after interacting with the other qubit, which provides a way for the photons to interact multiple times using a minimum number of qubits. This coherent feedback configuration could be realized using standard waveguide quantum electro-dynamics (QED) devices [34] , [25] . One-dimensional waveguides can be realized in photonic nanostructures, or transmission lines in superconducting microwave circuits. Each qubit can be realized as an artificial superconducting circuit that is directly integrated with the waveguide. Alternatively, the qubit can be realized as an atomic ensemble or a single atom embedded in a cavity that is strongly coupled to the waveguide.
Numerical and analytical results have been obtained for a similar configuration which includes a feedback mechanism [48] , [23] , [11] . These previous works have considered two photons interacting with two distant qubits, which results in numerical and exact solutions characterizing spatial propaga- Fig. 2 . G 1 and G 2 are two-level systems. The coherent feedback network is driven by two photons, one in each input channel designated by b L and b R respectively. b out,L and b out,R denote the two output channels.
tion of the photon wave functions. Non-Markovianity has also been considered in these works. In this paper, an alternative quantum network formalism is adopted [17] , [12] , [14] , [13] . Based on Markovian quantum stochastic differential equations (QSDEs), this control-theoretic approach studies the steadystate response which captures the time-correlation of the output photons. Moreover, this formalism facilitates a network analysis which is applicable to any generic configuration. For example, the physical configuration in Fig. 1 can be translated using the SLH language [14] , [6] into a standard coherent feedback network structure; Fig. 2 . The feedback network has two input channels, each containing one photon described in terms of its continuous-mode pulse shape. Twophoton scattering via a single qubit has been studied with the quantum network formalism [31] or an equivalent inputoutput formalism [10] , [7] before. However, the steady-state response has not been solved for a marginally stable system, which is our case. (The notion of "a marginally stable system" is interpreted in Remark 3.1.) In this paper, the steady-state output of a coherent feedback network with two continuousmode photons as the input has been derived for the first time.
A novel two-photon process has been found in the nonlinear response of the system. Based on the analytical results of the system response, it is possible to synthesize photonic systems to achieve desirable dynamics using the enhanced nonlinearity. We have demonstrated the results with a tunable HOM design and a marginally-stable single-photon device. The rest of the paper is organized as follows. The coherent quantum feedback network and two-photon input state are introduced in Sec. II. The main result of this paper, an analytic form of the steady-state output two-photon state, is presented in Sec. III. Two direct applications are discussed in Sec. IV. Sec. V concludes this paper.
Notation. x * denotes the complex conjugate of a complex number x or the adjoint of an operator x. The commutator of two operators X and Y is defined as [X, Y ] XY −Y X. For a column vector X = [x i ] with number or operator entries, X # = [x * i ] and X † = (X # ) T . I k is the identity matrix and 0 k the zero matrix in C k×k . δ ij denotes the Kronecker delta and δ(t) denotes the Dirac delta.
II. COHERENT FEEDBACK NETWORK AND INPUT STATE
In this section, we introduce the coherent feedback network, as is shown in Fig. 2 . We also introduce the two-photon input state for this feedback network.
A. Coherent feedback network
The open quantum system under study can be properly modelled using a triplet (S, L, H) [17] , [14] . S is a scattering operator, and the system is coupled to the photonic fields through the operator L. H is the inherent Hamiltonian of the system. The overall dynamics of an open quantum system interacting with the input fields is governed by a unitary operator U (t, t 0 ), where t 0 is the initial time of the interaction. The dynamical equation of U (t, t 0 ), t ≥ t 0 , is given by [17] 
and U (t 0 , t 0 ) = I ⊗ I being the identity operator of the composite system. b(t) is a vector of annihilation operators for the input field modes. Physically, b(t) and b # (t) can be understood as the annihilation and creation of photons in the fields at time t. Note that Markovian approximation has been invoked in the derivation of dU (t, t 0 ). The Heisenberg-picture evolution of a system operator X can be calculated by X(t) = U * (t, t 0 )(X⊗ I)U (t, t 0 ), with I being the identity operator on the fields. The dynamical equation of X(t) is then given by the following QSDE [17] , [14] 
Moreover, the output b out (t) is related to the input b(t) via the following relation [15] b
whose dynamics is given by b out (t) = L(t) + Sb(t).
The coherent feedback network, as shown in Fig. 2 , has two inputs represented by annihilation operators b L and b R respectively. G 1 and G 2 are two-level systems, whose ground and excited state vectors are |g j and |e j (j = 1, 2) respectively.
Assumption 1: The coherent feedback network in Fig. 2 is assumed to satisfy the following conditions.
• The central frequencies of the two input fields b L and b R are the same, denoted by ω o . • G 1 and G 2 have the same transition frequency between the ground state and excited state, denoted by ω a . Thus, the detuning frequency is ω c = ω o − ω a . • G 1 and G 2 have the same coupling strength κ to the optical fields. Under Assumption 1, the triplet (S, L, H) for the two-level systems are given by [14] , [6] , [29] 
where σ −,j = |g j e j | and σ z,j = |e j e j | − |g j g j |.
As can be seen from the above equation, there are two coupling channels for each G j , which model the interaction with the left-going and right-going photons. Recall that t 0 is the time when the system and its inputs start to interact. What we are interested in this paper is the steady-state dynamics of the coherent feedback network in the limit t 0 → −∞ and t → ∞; i.e., the interaction occurs in the remote past and we look at the dynamics in the distant future; see e.g., [10] , [46] , [44] , [31] . Define
The QSDEs for the two-level system G 1 arė
Similarly, the QSDEs for the two-level system G 2 arė
Consequently, the QSDEs for the coherent feedback network in Fig. 2 are
and
are input and output fields for the feedback network respectively.
In what follows, we present the Fourier transform of operators and functions to be used in the sequel. For the vector of inputs b in (t) in the time domain, we define its Fourier transform as
The inverse Fourier Transform is
Remark 2.1: As mentioned above, the initial time t 0 will be sent to −∞ later, thus Eq. (6) is indeed the conventional Fourier transform. The same is true for the Fourier transform of other operators or functions to be presented in the sequel.
Noticing
and the commutation relation
we have that for arbitrary
Similarly, we denote the Fourier transform of the vector of
whose adjoint is
B. Two-photon input state
In this subsection, we introduce the input to the feedback network in Fig. 2 . The left-going input field is in the continuous-mode single-photon state b * L (ξ L ) |0 L , where |0 L denotes the vacuum state of this field, and the operator b
The physical interpretation of ξ(t) is that |ξ(t)| 2 dt is the probability of finding the photon in the time interval [t, t+dt). Similarly, the right-going input field is in the continuous-mode single-photon state b * R (ξ R ) |0 R , where |0 R denotes the vacuum state of this field, and the
with ξ R ∈ L 2 (R, C) being the temporal pulse function of the photon and satisfying
respectively. Thus, the two-photon input field state is
Similar to Eq. (6), the Fourier transform of a function ξ ∈
whose inverse Fourier transform is
Example 2.1: For the purpose of demonstration, we consider two single-photon states of Lorentzian-type pulse shape
which in the time-domain are
Here, ω o is the central frequency of the fields, as discussed in Assumption 1. In particular, when γ L = γ R = γ, the two photons have the same pulse shape ξ L = ξ R ≡ ξ, given by
For Lorentzian-type pulse shapes, γ is commonly called the full width at half maximum (FWHM); see, e.g., [26, Chapter 2] . It has been shown that a Lorentzian-type single photon, which has a temporal rising exponential pulse shape, is able to excite a two-level atom fully; see, e.g., [41] , [44] , [32] . More discussions on continuous-mode single-and multiphoton states can be found in, e.g., [26] , [25] , [45] .
III. STEADY-STATE OUTPUT FIELD STATE
In this section, we derive the steady-state output field state of the 2-qubit coherent feedback network driven by two photons, as described in the previous section.
A. Basic set-up
Let the two-level systems G 1 and G 2 be initialized in the ground states |g 1 and |g 2 respectively, and the input be in the two-photon state as given in Eq. (14) . The abbreviation |0 = |g 1 g 2 is used for the initial ground state.
Assumption 2: The initial joint system-field state is
In the Schrödinger picture, the system-field state undergoes a unitary evolution. At time instant t ≥ t 0 , the joint systemfield state is
In the steady-state limit (t 0 → −∞, t → ∞), the photons are in the two output channels, leaving the two-level systems in their ground state. Then the output field state |Ψ out can be obtained by tracing out the system state; i.e.,
As the system-field interaction does not generate photons, i.e. the combined system is passive, |Ψ out is a two-photon state with the time-domain basis
where the notation
denotes the generation of a left-going (right-going) photon at time t in the fields. By inserting Eq. (21) into the RHS of Eq. (20) and noticing Eq. (2), we obtain
holds by Lemma 3 in [32] , an irrelevant overall phase factor θ(t) has been omitted in Eq. (23). Next, we go to the frequency domain by applying the Fourier transform to the time variables t 1 , t 2 and p 1 , p 2 , respectively. According to Eqs. (7) and (16), we have the following frequency-domain expression
where we have used the abbreviation
Hence, in order to find an analytical expression for |Ψ out , we have to calculate the following quantities:
The terms (25a)-(25c) characterize the input-output relation of two photons. For example, Eq. (25a) characterizes the process of transferring two input counter-propagating photons at frequencies ν 1 , ν 2 to two left-going output photons at frequencies ω 1 , ω 2 . Combined with Eq. (24), the continuousmode output state can be determined by the input-output relation.
B. The steady-state output state

Define a matrix
where α is given in Eq. (3). It is easily found that the eigenvalues of the matrix A are −2κ−iω c and −iω c . Not both the eigenvalues of A have strictly negative real parts. Thus, A is not Hurwitz. Instead, A is marginally stable since it has an imaginary eigenvalue. A being only marginally stable has a great impact on the derivation of Eq. (25a)-(25c). To be more specific, the standard procedure to solve Eq.
, see, e.g., [10] . Then the remaining task is to solve the corresponding dynamics of σ −,i (t). For example, the following equation is a key part in the derivation
which is based on Eq. (4a) and the fact that
Integrating both sides of Eq. (27) from t 0 to t yields
When A is Hurwitz, the first term in the RHS of Eq. (29) can be removed by taking the steady-state limit t 0 → −∞. However, since A is only marginally stable in our case, the initial time constant t 0 has to be included in the calculation and the steady-state limit can only be taken when appropriate.
Furthermore, in contrast to the Hurwitz stable case, quantum Itô calculus has to be explicitly invoked for the calculation of the nonlinear terms, which can be seen from the proof of Lemma A.1 in the APPENDIX. For later use, we define a matrix function
Remark 3.1: Formally, Equations (27) and (4b) define a linear system with system matrices (A, − √ κC, √ κC). In this sense, g G (t) defined in Eq. (30) is of the form of an impulse response function, which is very commonly used in classical linear systems theory. Actually, impulse response functions play an important role in quantum linear systems theory, see, e.g., [39, Chapter 7] , [18] , [42, Chapter 6] , [46] , [44] , [32] , [29] , [47] and references therein. Moreover, since the matrix A in Eq. (26) is marginally stable, the linear system given by equations (27) and (4b) is marginally stable in the sense of linear systems theory. With slight abuse of notation, we also say that our coherent feedback network in Fig. 2 is marginally stable.
For the time domain function g G (t) defined in Eq. (30), we define its Laplace transform to be
By Eqs. (31), we obtain
The following lemma presents expressions for the quantities in Eqs. (25a)-(25c). Lemma 3.1: In the limit t 0 → −∞, Eq. (25a)-(25c) can be calculated by
where
.
The proof of Lemma 3.1 is given in the APPENDIX.
relates to the nonlinear frequency scattering of two photons. The output photons with frequencies ω 1 and ω 2 can be generated by any pair of incident photons with frequencies ν 1 , ν 2 satisfying ν 1 + ν 2 = ω 1 + ω 2 . That is, the frequencies of the input photons may not be preserved.
Remark 3.3: Compared with the result for a two-photon single-qubit system [10] , there is an additional coefficient (ν 1 +ν 2 +2ω c )/(ν 1 +ν 2 +2ω c −2iκ) in g(ω 1 , ω 2 , ν 1 , ν 2 ) that is associated with the nonlinear frequency scattering. Apparently, this term characterizes a two-photon process, where the two photons are taken as a single object with the frequency ν 1 +ν 2 and interact with the combined two-qubit system with the detuning frequency 2ω c . In particular, when the two photons are in resonance with the combined two-qubit system, i.e. ν 1 + ν 2 + 2ω c = 0, the nonlinear frequency scattering can be completely suppressed, which is impossible for a singlequbit system.
On the basis of Lemma 3.1 presented above, we are able to derive the main result of this paper. 
Proof. Applying Lemma 3.1 to Eq. (24) proves the theorem.
Remark 3.4: It can be readily verified that the function χ(ω 1 , ω 2 ) defined in Eq. (37b) satisfies χ(ω 1 , ω 2 ) = χ(ω 2 , ω 1 ). Again, the nonlinear frequency scattering term χ(ω 1 , ω 2 ) can be suppressed under the condition of twophoton resonance ν 1 + ν 2 + 2ω c = 0.
The following result presents a special case of Theorem 3.1. Corollary 3.1: Sending κ → 0 while fixing all the other parameters, the steady-state output field state becomes
That is, the left-going output channel contains a single-photon packet ξ L , and the right-going output channel contains a single-photon packet ξ R . On the other hand, Sending κ → ∞ while fixing all the other parameters, the steady-state output field state is
That is, the left-going output channel contains a single-photon packet ξ R , and the right-going output channel contains a single-photon packet ξ L . Remark 3.5: On one hand, when the coupling strength κ is small, the interaction between the two-level systems and the input photons is weak. In the limit κ → 0, the left-(right-) going photon will be in the left (right) output channel. This interprets in Eq. (38) . On the other hand, in the strong coupling limit κ → ∞, each two-level system acts as a mirror so that each input photon is bounced back. This interprets Eq. (39).
C. The probabilities
Let P LL denote the probability of finding two photons in the left-going output channel b out,L , P RR the probability of finding two photons in the right-going output channel b out,R , and P LR the probability of finding one photon in each output channel, respectively. By Theorem 3.1, we have In particular, when ξ L ≡ ξ R , we get
IV. SYNTHESIS OF SYSTEMS USING THE COHERENT
FEEDBACK STRUCTURE
A. Tunable Hong-Ou-Mandel (HOM) interferometer
The HOM effect refers to a two-photon interference effect that occurs when two identical photons enter a balanced beam splitter, one in each input port [16] . In our case, the left-going and right-going input photons enter the system in different ports; Fig. 1 . In the classical HOM experiment, due to the destructive interference, the two output photons appear in the same output port, with equal probability. In our case, it means that the two photons simultaneously leave the network from either the left-or right-going channel with equal probability; Fig. 3 .
By Corollary 3.1, if κ → 0 or κ → ∞ while all the other parameters are fixed, in the steady state there will be one photon in each output channel. In this subsection, we show that controlling the detuning ω c can turn the coherent feedback network into a tunable HOM interferometer. Notice that the detuning ω c is indeed physically controllable using artificial qubits [28] , [48] , [23] .
Assume ξ L ≡ ξ R . Let ω c = ζκ for some ζ ≥ 0. According to Eqs. (54) and (37b), for any given ω 1 , ω 2 ∈ R, lim κ→∞ χ(ω 1 , ω 2 ) = 0. As a result
Thus, when ζ = 2, lim κ→∞ T LR [ω 1 , ω 2 ] = 0. Then, by Eq. (40b), lim κ→∞ P LR = 0. In a similar way, it can be shown that lim κ→∞ P LL = lim κ→∞ P RR = 1 2 . That is, two photons simultaneously appear in the left-or right-going channel with equal probability. This is the famous HOM interference phenomenon. Let us look at an example. In Fig. 4 , Fig. 4 . |T LR (ω 1 , ω 2 )| 2 with parameters γ = 1, ωo = 1, κ = 1.5, ωc = 0 (for the upper subfigure), and ωc = 3 (for the lower subfigure). the identical input photons have a wave-packet of Lorentzian type with FWHM γ = 1 and carrier frequency ω o = 1. In the upper subfigure the detuning frequency ω c = 0, while in the lower subfigure the detuning frequency ω c = 3 = 2κ. It can be seen clearly that in the lower subfigure T LR [ω 1 , ω 2 ] is very close to zero. Indeed, when ω c = 2κ, numerical simulations show that P LR → 0 as κ → ∞.
In that follows we demonstrate that the continuous-mode setting discussed in this paper is also applicable to the singlemode setting. Let the two single-photon input states be those in Example 2.1. In this case,
(41) In other words, in the limit γ → 0, the inputs turn to monochromatic lights, i.e. photons with single frequency ω o . It is easy to verify that lim κ→0 χ(ω 1 , ω 2 ) = 0, where χ(ω 1 , ω 2 ) is defined in Eq. (37b). Now consider ω o + ω c = βκ in which ω c is no longer a fixed value but dependent on κ. By Eq. (41), it can be shown that lim γ→0 ω1,ω2
As a result, when β = 2, by Eq. (40a), lim γ,κ→0 P LL = P RR = 1 2 . Similarly, it can be shown that lim γ,κ→0 P LR = 0. In other words, the two photons simultaneously leave the network from either the left-or right-going channel with equal probability.
B. Marginally stable single-photon device
As shown in [44] , [32] , the interaction between a two-level system and a single photon can be fully analyzed using a transfer function approach. Similarly, if the coherent feedback network in Fig. 2 has a single-photon input (e.g., the leftgoing input field b L contains a single photon while the rightgoing input field b R is in the vacuum state), then essentially the network dynamics can be investigated by means of linear systems theory. Unfortunately, as the matrix A in Eq. (26) is not Hurwitz stable, the linear transfer function approach in [44] , [32] is not applicable. However, the general input-output analysis presented in Section III indeed works in the singlephoton case.
Let us assume that the left-going input field b L is still in the single-photon state b * L (ξ L )|0 L , and the right-going input field b R is in the vacuum state |0 R . Then, the joint system-field state is
In the steady-state case (t 0 → −∞, t → ∞), the single photon leaves the feedback-connected two-level systems in their ground state. As a result, the steady-state output singlephoton state is
With the time-domain 1-photon basis for the input field given by
Eq. (42) can be simplified as
As with the two-photon case, we go to the frequency domain by applying the Fourier transform to the time variables t 1 and p 1 , respectively. In the frequency domain, Eq. (43) becomes
Therefore, we have to calculate the following quantities:
First, we consider Eq. (45a). By Eqs. (4b) and (73) in the APPENDIX we have
Using (59) in the APPENDIX, in the limit t 0 → −∞, Eq. (46) can be simplified to be
By Eqs. (46)-(47), we have
Eq. (45b) can be calculated via a similar way as
Substituting Eqs. (48) and (49) into Eq. (44) yields the steadystate output single-photon state, which is
Denote
and substitute them into Eq. (50) yields
which are consistent with Eqs. (38)- (39) . Remark 4.1: According to Eq. (50), the pulse shape of the photon in the output channels is obtained by linearly transforming that of the input photon by G[iω]. This looks like a linear dynamics. Indeed, as shown in [44] , [32] , the interaction between a two-level system and a single photon can be fully analyzed in a transfer function approach. Unfortunately, as the coherent feedback network studied in this paper is only marginally stable, the linear transfer function approach in [44] , [32] is not applicable. However, as shown above, the general framework presented Section III indeed works.
Remark 4.2: It is worthwhile to notice that Eq. (52b) is consistent with [49, Fig. 3 ] for single-photon Fock-state scattering. That is, for strong coupling, a two-level atom appears as a mirror so that the input single photon is reflected. This is true even with the existence of a nonzero detuning ω c .
V. CONCLUSION
In this paper, we have studied a coherent feedback network which consists of two identical qubits and is marginally stable. The coherent feedback network can be physically realized by integrating a two-qubit system with one-dimensional waveguide, which is suitable for applications in nano-photonic quantum networks and information processing on-chip. Due to the feedback loop, the two input photons can be confined between the qubits with a probability, leading to multiple times of photon-photon interaction and enhanced nonlinearity. The previous works [48] , [23] , [11] have not analytically solved for the steady-state system response when the network is only marginally stable and modelled by Markovian QSDEs. In this paper, we introduce the input-output formalism and study the system response in the steady-state limit [46] , [10] which fully captures the time-correlation of the output photons. More importantly, by Theorem 3.1 we have provided an end-to-end solution that exactly describes the input-output relation for two generic continuous-mode photons.
A novel two-photon process has been found in the nonlinear response of this coherent feedback network, which provides additional options for controlling the nonlinearity. In particular, under a condition of two-photon resonance the nonlinear frequency scattering can be completely suppressed, which is never possible for two photons that interact via a single qubit. The coherent feedback system is readily integrable with the existing nanophotonic circuitry. Since one-and twophoton operations are sufficient for universal optical quantum computing, the method of this paper is easily scalable to practical-sized quantum information processing circuits.
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In order to prove Lemma 3.1, we need to establish Lemma A.1.
For i = 1, 2, define functions
Proof of Lemma A.1. For the matrix A defined in Eq. (26), we have its matrix exponential
Thus,
Substituting Eq. (56) into Eq. (29), together with the commutation relations in Eq. (10), we get
Applying the Fourier transform to Eq. (57) with respect to the time variable r yields
Adjoining both sides of Eq. (58) and by Eqs. (8)- (10) , it is straightforward to show that
By means of Eqs. (4a) and the fact that σ z = 2σ + σ − − I, differentiating the vector functions
with respect to the time variable p 2 yields
The non-homogeneous terms of the ODEs (60a) can be calculated using Eqs. (58) and (59) except
Re-write Eq. (4a) in the Itô form, dσ −,1 (t) = ασ −,1 (t)dt + κσ z,1 (t)σ −,2 (t)dt
where dB j (t) ≡ t+dt t b j (τ )dτ are Itô increments, (j = L, R). By Itô calculus we have
where the fact
have been used to derive the last step. Therefore dΠ 11 = 2αΠ 11 dt, which, under the initial condition (62), has the trivial solution
Similarly, it can be shown that
Next, we look at Π 12 (t) (which equals Π 21 (t)). By Itô calculus,
Eq. (65) yields dΠ 12 (66) 
which in the limit t 0 → −∞ reduces tȯ
whose solution is
As a result, the Fourier transform of the ODEs (60a) with respect to the time variable p 2 can be written as
The expression of
is then derived using Eq. (68a). The expression of f R,1 (ω 1 , p 2 , ν 1 , ν 2 ) f R,2 (ω 1 , p 2 , ν 1 , ν 2 ) can be obtained similarly, which completes the proof.
Proof of Lemma 3.1. By Lemma A.1, we can write f L,1 (ω 1 , ω 2 , ν 1 , ν 2 ) = f L,2 (ω 1 , ω 2 , ν 1 , ν 2 ) = f R,1 (ω 1 , ω 2 , ν 1 , ν 2 ) = f R,2 (ω 1 , ω 2 , ν 1 , ν 2 ) ≡ f (ω 1 , ω 2 , ν 1 , ν 2 ). Fourier transforming both sides of Eq. First, we look at the second term on the right-hand side of Eq. (69). By Eqs. (7) and (56), we get
Next, we look at the first term on the right-hand side of Eq. (69). Performing eigen-structure decomposition on iω − A gives
where the columns of the matrix
are eigenvectors of the matrix iω − A. Then ∞ t0 dt e −(iω−A)t = e −(2κ+i(ω+ωc))t0 2 (2κ + i(ω + ω c )) C + π 2 δ(ω + ω c )e −i(ω+ωc)t0 1 −1 −1 1 .
(71)
Thus, the solution of Eq. (69) is obtained as
Similarly, we can establish the following equation.
By Eq. (4b) and Eq. (73), we have
Firstly, notice
Secondly, by (59), in the limit t 0 → −∞, Eq. (74e) can be simplified to be
Thirdly, denote h ij (p 2 , ν 1 , ν 2 )
and substitute Eq. (76) into Eq. (74b) yields
where the fact ∞ −∞ e iωt iω + (2κ + iω c ) dω = 2πe −(2κ+iωc)t , t ≥ 0, 0, t < 0 (78) has been used. Since lim t0→−∞ e −(2κ+iωc)(p1−t0) = 0, Eq. (74b) goes to 0 as t 0 → −∞. Finally, Eq. (74d) can be written as
Consequently, in the limit t 0 → −∞, Eq. (74a) becomes
By applying the Fourier transform to Eq. (80) we obtain Eq. (33a). Eqs. (33b)-(33c) can be established in a similar way.
